
Imaginary Numbers are not Real – the Geometric Algebra of 
Spacetime - Gull, Lasenby and Doran

Geometric Algebra for Physicists - Doran and Lasenby

Geometric Algebra - ComplexNumbers Without π
Russell Loyder, January 2023.
Defences:

[GLD]

[PL]
Disclosure:Anthony Jasenby was

my
PhD advisor.

Overview:Page Topic

Establish ① difford's axions
Geometric ② The geometric product of rectors
Algebra ③ 2-d' geometric algebra

compare with ④ Relationship with complex numbers
complex numbers↓⑤ ↑and interpretation
Side note ⑥ Quaterniong

Further ⑦ Complex conjugation
comparison ⑨ Rotations (in the complex plane)

Generalize ⑩ Rotors Crotations in an n-dim space)
beyond complex
numbers.



①
Clifford's Axioms [PL4.1]

Special case ofClifford Algebra (L (V,9) for a vector
space V over a field K,equipped with a quadratic form
Q :V -> k.6
Let the field be Iand the quadratic form ①be

with signature (p,g). Thenprovidedby anationalgebra in n
=

prg dimensions

by G(p- q) =CL(V,g).
and the quadratic form bya b

=gla,b) fora, btV.
⑥

scalar, or inner product. a.blR.

In addition to the inner product Clifford gives us the
f

geometric product at, for a, bEV, with axioms:
①Closure:abc G(p,q)

② Identity:ItC(p.g) s.t. 1a
=a1 =

a +G(p,q)

③ Associativity:a (bc) =(ab/c Note:

④Distributivity:a (b +c) =ab +ac
no commutativity

⑤Relation to inner product:a
2
=

a.a
=g(a,b) R

ie:square of any
vector is a scar



②

(a +b)
=
(a +b)(a +b) =a- +cb +ba +b2

..ab +ba =(a +b)" - a" - 42
-

all IRby axiom 5

So, define the inner product oftwo vectors as

a.b =t(ab +ba)
2
-

symmetric part of geometric product
Denote antisymmetric part ofthegeometric product by 1!

↑
avb =t(ab - ab) exterior product

So thatab =

a .b +a lb

2

Vectors a, I have "gradeIstarsgradeshis?
and isa "director", of grade 2.
It representsan oriented area in the plane containing
aandbya-b = - bea

2
a T

lablsind where (al= and 10
|b =M

b &



③

Note the similarity to the cross productof two restors, axb 1

which only exists in 3 dimensions, whereas directors exist
in
any dims>2,as do higher grade objects:

a,na,...na,=1 (-1)a,,a(...ak
! all

perms
& is +1 for even parms and - for odd perms.

G (2,0) - the geometric algebra ofthe plane (DL2.3.2]

SpantedEnclideanspace-ithan orhonoral hasbeen
can be written:

A =

a

ttaeeeen
for 9.....azz R

A 2 Director↓ scalar

"multivector" e,2=1 2,12 =2,22 because 2.22 =0.

AB =(a. +a,e, +azzz +aye,2)(b. +b,e, +b,zz +byc,z)↓
a/ as2.fcbs2,e2

=asbge,224,22
=a.bo +a,b, +anbe - azby =azby( - 2,222-2)

⑥

+(a,b, +b,a, +azbi - azby I e, = - a,by 7

⑭cobutazbulab-assesener
a,22bye,e =a-b322per

=a(by(- z,x)
= - azby2/



④

Complex numbers [D=2.3.3]

The algebra of complexnumbers
is isomorphic to the averageseen

z =

x
+

ye,22
=
3 ↓ Iy where I =2,22

↑ ↑ ↑

even-grade solar director notation
-
x,yt

multivector
I
=
2,24,22

=
- 2,222

=

- e2 =1
L

So I=?
22=1.

Sort of, but not really - more aboutthis on the nextpage.
A complexnumber z tX, z =x

+i] i=

definesa point in thecomplexplane whosecartsare

Butthe natural specification of a point in a plane is its
position vector:W

=

xe, +y-z.

Clearly,z
=

e,w
↑

y 1
This is the fundamental This is the fundamental object
objectin complexanalysisingeometry. Itis independentofchoice of basis / coordinates.

This vector picks out a special direction for the real axis



⑤
M

The usual story goes:there is no real number equal to
#

↓
but equations where

squares
take negative values

arise in
L thing

mysterious angledproblems,soletssinventsoseed set in
Then z =x +iy is a pointin a plane, and through
complexanalysis we can solve problems that vector
analysis cannot. (well, exterior

6Geometric algebra says:vector analysis is incomplete because
ithas notunified thescalar and (bit vector products
into a singlegeometric product, and ifyou do, there is no

needforthemysteryniceeverhasanaturalgeonet,and
plant and acting as a rotation

operatoron vectors:

right-multiply
Fe, =1,zl, =

- 22 by I
rotation of πp 27

=

23,2 =

ez-righted
I

12 =

2,22 =

2I
=

22,22 = ↓ left-handed

leftmultiply rotation of π
in audio space, nx I

by

clearlystoratingtwiceineitherdirection restones

↑
it minus sign I1

=

- 1.



⑥
Quaternios [BL1.4, 2.4.2]

In 1843, Hamilton generalized the complexnumbers to Ed
by adding two more square roots of minus 1:

i
2
=j2 =k=ijk = - 1

With thisadditionalety,"Ed complexnumbers":

t +xi +yj +zk t,x,y,z t1

form a closed algebra. However, complex numbers
are already "ed" so now we have 6d?And there is no

intrinsic motion ofwhich plane in 3d space i, jork belong
to.

However, Hamilton's quaternious are naturally embedded
in G(3,0):

i <2,22
j 7 - 2,25
kt- ↑22/

Quaternions are a left-handed setofdirectors whereas
7

i,j and K were chosen to be a right-handed set of
vectors.



⑦
Complex Conjugation and Reflection [D12.3.3]

Reflect vector a along ap =a.nn

unit vector n (ind az =a
-

aun

in the planeperpendiaen ↓ ↑⑭How is this expressed nma =n(na - n.a]
in geometric algebra? =a - a.nn

↑
Resolve a into components /andtoa =n" a
*convention:this before this= nua

= nn.a # nn 1 a
-

⑭ a (grade 3 componentvanishes
because on on a artisymm)

=

nnna - nn.aa
=
at - ay

=

- n(ann +a.n)
= - nan

/

F2 a =
- nan

This concise formula applies in
any dimension,

and
to multivectors of all grades, not just vectors in 3d.



⑧

The complexconjugate ofz, **
=

xviy.

CAequire isa- Ig =os-cereselle,
=

v2,

-

= z

where indicates "reversion"- reverse the order of
all factors in the geometric product.

Internsofthe rector directly, complex conigationone
previous page,

-

2wez
=

- e(xe, +ye)e
= - x212,22 - y2,222
=cce,-yez as expected.

Building on reflections, rotations are expressed particulay1

elegantly in geometric algebras ofarbitrar dimensionone
y



⑨
Rotations [PL2.3.4]

On
page
5we saw that right-multiplication by I causes a

right-handed rotation by For an arbitrary angle P, re
have:

<- (powerseies still work!
2I3 = (I,=ay +1. ie

Apply to rector w:
I4

WW'EJBsde, +sindedCc +Isn IEEEi...
:cosPorsY e, + crdsinYT#

② e,2,2 =

12

+ sinOcosl ez +sin8sinYerI
-

~ 228,22
=
- b/

= (cvsOcusY-sindsinY) e, +(sindcrsY +cosOsinY)ez

Sow
=
((8 +1)2, + sin(8 +4)22

Note how two separate roles of complexnumbers are separated
here:1. position vector of a pointin 2-d (Euclidean) space

grade I
->
2. transformations ofthose points (even-grade multivector)

These roles generalize differently in higher dimensions.



⑩
Rotors [B(2.7]

L

Express an arbitrary rotation
with two reflections, in the

vectors m and n. Vector:Finitplanes perpendicular to unit

a is firstreflected by m F I
to form vector b, then reflected &

yto from the rotatedand
.
.
.
..F20-11...
m/n

↑
the plane

↑ angle o

in2 in

c +1+k+y -(1-

2a..ctl +Y
=

1
-(x*)

-disa 5 =x +y
#- (**):

u +1 =1 -14
Angle ofrotation (between
vectors a and c) is:0 +4.2 =

c+4 =4 -0 =24

where Y is the angle between
me and n, mn=cost.



⑪

From
page and b =

=

mayen =

mmanu

Define R=nm, then rotations are achieved via:
~<- reversion, from page 8

c
=RaRum

Buton
pagesandhadrotationsintheeven la see-

weebeing
What's going on?Two issues toresolve:

I4 If
1:2 vs mu=R and 2:wwe vs w

=RnwTrm
nm]

Rinm =n.n +nnm

(sY +nrm

* this is not a unitdirector like I
For
any

vectors a and b<-

(avb)(a-b) =(ab - a.b)(a.bab
=a.b +anb

ba =a.b - anb
7

=

- ap-a - (a.b)2 +(a.3)ba]
18
I

scalar 2a.b
=
- cbz +2(a.b)z a.b =1al/blarsesa

=

- a-b" (1 - crs(p)
:(anb)" =

- a"b"sin"&

m and no are unit vectors, so many"=- sincly
↑a unitdirector, because 4



⑫

Can construct a unitdirector in the man plane:
B
=

=- 1B =

y
- parallel and same handedness

If the men plane is the 2,122 plane, then 1 = 1. Let's
assume that to make contact withthe previous discussion onV

complexnumbers. So, the rotor R nm

Rnm =c4 +mnn

= cos? - IsinY =eFY

Recall from page that
w =Ranw Ben is rotated in the

nrmplane by angle
of 24, and so the rotor one

R =-12XRy =eI4/ w
=Rywy.

Y 2, 7

Now, 2, and 2 both anticommate with I =e,22, so

Ryw =(cy) - IsinY)(x2, +yzz) =wR
y

=wEy
-2

Sow
=

wRy =wF(y =we+Y =1

Ie, we can write a rotation as either the two-sided half-

angle expression or the one-sided full-angle expression
in 2d. Only one ofthem generalizes to redins, however.



⑬

Consider 3rd: add 23, a third orthormal basis vector.

Any rotation in the e,22 plane should leave ituntouched
because Is is the axis of rotation.

Butby commutes with I

21
=

22,2 = -

2,2322
=

2,222)
=

les

And so while RyezRy =y2s =

e3,

nmmu
=n'n= =1

esRzy =(yet4 =23.
Only the two-sided rotation law generalizes tourdimensions.

Notes:

There is only an axis ofrotation in 3 dimensions. It

is better to think of rotations as happening in a plane -
the one encoded by the director in the rotar.

Itturnsoutthatthesamerotation lawapplies not justhere
dimension.
[DL4.2.)]

We have discussed complex arithmetic, but itturns out there
are rich implications of geometric algebra for complexanalysis;
holo/meromorphic functions and calculus on them. [DL5]


